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Abstract. In this paper we present a quantitative comparison between
two approaches, Graph Kernels and Symbolic Learning, within a classifi-
cation scheme. The experimental case-study is the predictive toxicology
evaluation, that is the inference of the toxic characteristics of chemical
compounds from their structure. The results demonstrate that both ap-
proaches are comparables in terms of accuracy, but present pros and cons
that are discussed in the last part of the paper.

1 Introduction

Many scientific areas are populated by applications dealing with structured in-
formation, i.e., complex information which can be seen as made of simpler parts
suitably interconnected. Structured information is widely used in many applica-
tive domains as software engineering, pattern recognition, chemistry, medicine,
linguistics, etc. Usually structured information is represented by means of graphs
because of their high expressive power.

Despite their attractiveness in terms of representational power, structural
methods (i.e., methods dealing with structured information) imply complex pro-
cedures both in the recognition and in the learning processes. The difficulty of
defining effective algorithms for facing this task is so high that the problem is
considered still open.

In this paper we focus our attention on two different approaches using graphs
for classification tasks. The first one is based on the idea of facing the learning
problem directly in the representation space of the structured data (we will call
it Symbolic Learning). The second is based on the notion of Graph Kernels that
gives a measure of similarity between graphs which corresponds to a metric thus
making possible the adoption of well-known statistical /neural paradigms. Here



we present several Graph Kernels based on the notion of bag of patterns and
graph edit distance that both preserve most of the structural information of
graphs.

The chosen application domain is the Predictive Toxicology Evaluation, that
is the characterization of the toxic nature of chemical compounds from their
chemical structure. Namely, we used data from the Predictive Toxicology Chal-
lenge?, a competition based on the prediction of cancerogenic molecules. This
domain is appropriate for the analysis because of the structured nature of chem-
ical compounds.

The paper is organized as follows: in section 2 a brief survey of the two
approaches is presented, while details on the two methods will be given in the
section 3; section 4 reports the results of an experimental case-study of both the
approaches. Finally, in the last section, conclusions are outlined.

2 Related Works

The Symbolic Learning can be summarized as follows: the goal of the system is to
build a structural description for each class (prototypes) so that the classification
is conducted by mean of a structural matching between the prototypes and the
structured representation of the object to classify.

Papers dealing with this approach can be ascribed to two rather different
categories. The first category collects methods based on the assumption that
the prototypical descriptions are built by interacting, more or less deeply, with
an expert of the domain. To this concern, some authors [16] start from some
ideal prototypes and refine manually, in successive approximations, a model of
the possible deformations. Others [13] assume a deformational model and use
a small training set for tuning the parameters contained in it. Despite the ad-
vantage of facing the problem without a training set or at least with a small
training set, this approach is effective only in simple problems. The inadequacy
of human knowledge to find a set of prototypes really representative of a given
class significantly increases the risk of errors, especially in domains containing
either many data or many different classes.

The methods ascribed to the second category face the problem in a formal
way ([10]) by considering it as a symbolic machine learning problem, so for-
mulated: “Given a suitably chosen set of input data, whose class is known and
possibly some background domain knowledge, find out a set of optimal proto-
typical descriptions for each class”. The literature in the field is populated by
methods ([11, 14]) which mainly differ in the adopted formalism sometimes more
general than that implied by the graphs.

Graph kernels methods are based on an implicit embedding of graphs within
a vector space of large dimension. Several graph kernels are introduced in liter-
ature but graph kernels built on the notion of bag of patterns seem to be very
promising. The design of such kernels, implies the following choices or heuristics:

* http://www.predictive-toxicology.org



1. Selection of a bag of patterns from a graph,
2. Definition of a kernel between bags based on a kernel between patterns,
3. Definition of a kernel between patterns.

Kernels between graphs then correspond to kernels between bags of patterns. The
implicit assumption being here that bags of patterns capture most of the struc-
tural information of graphs. Several kernels have been proposed based on differ-
ent types of patterns: Vert [9] proposed to compare the set of sub-trees of two
graphs; Graphlets kernels [17] are based on the number of common sub-graphs
of two graphs. However, the comparison of complex patterns requires impor-
tant processing times for an insight which not always clearly demonstrated [9].
As a consequence most of graph kernels are based on simpler patterns such as
walks [8], trails [4] or paths. Bags of patterns may be finite or infinite. Infinite
bags, such as bag of walks are computed implicitly using random walks defined
on both graphs being compared [8]. Bags of patterns may also be computed
explicitly [4] by enumerating all patterns of a given graph. Given two bags of
patterns the similarity between both bags is often measured using convolution
kernels [6]. Both bags may alternatively be considered as two sets in the feature
space induced by the kernel between patterns. This point of view allows to mea-
sure the similarity between bags using general kernels between sets [3]. Finally,
the similarity between patterns should be designed according both to the fea-
ture available on each element of the pattern and to the structural noise which
may corrupt patterns. Using walks on labeled graphs the well known kernel [§]
being equal to 1 if both walks are similar, an 0 otherwise, encodes the fact that
labels are either equal or not comparable. The construction of a bag of patterns
from a graph removes connections between elementary patterns within input
graphs which are then only represented by their bags. As previously mentioned,
assumption of bag of pattern kernels is that most of the relevant information
about graphs is contained in the pattern and thus that most of the information
is preserved by the transformation from a graph to a bag. Bunke [1] proposed
several kernels based on the graph edit distance which do not rely on such an
assumption.

3 Methods Description

3.1 Symbolic Learning

The Symbolic Learning Method presented in this section (hereafter called SLM)
is inspired by Quinlan’s FOIL algorithm particularizing it for Attributed Re-
lational Graph (ARG) representation. An extension of this representation has
been presented for describing prototypes of Attributed Relational Graphs; these
graphs, called Generalized Attributed Relational Graphs (GARGs), contain gen-
eralized nodes, edges and attributes. Then, a learning algorithm has been formu-
lated to build such prototypes by means of a set of operations directly defined
on graphs. The algorithm preserves the generality of the prototypes generated
by the classical machine learning algorithms and moreover, similarly to most



machine learning systems ([10]), the prototypes obtained by this system are
consistent, i.e. each prototype covers samples of a same class.

An ARG can be defined as a 6-tuple (N, E, Ay, Ag,an,ag), where N and
E C N x N are, respectively, the sets of nodes and edges of the ARG, Ay and
Ag the sets of nodes and edge attributes and, finally, ay and ag the functions
which associate to each node or edge of the graph the corresponding attributes.

A GARG is used for representing a prototype of a set of ARGs. In order
to allow a GARG to match a set of possibly different ARGs, in the SLM the
attribute definition has been extended. First of all, the set of types of node and
edge attributes is extended with the special type @, carrying no parameter and
allowed to match any attribute type, ignoring the attribute parameters. We say
that a GARG G* = (N,E, An,Ag,an,ag) covers a sample G and we use the
notation G* > G (the symbol > denotes the relation called covering) if there is
a mapping p : N* — N such that p is a monomorphism and the attributes of
the nodes and of the edges of G* are compatible with the corresponding ones
of G. The first condition requires that each primitive and each relation in the
prototype is present also in the sample; note that the converse condition does
not hold. The latter condition constrains the monomorphism to be consistent
with the attributes of the prototype and of the sample in the sense that the type
of the attribute of the prototype must be either equal to the special type @ or
to the type of the corresponding attribute of the sample. In the latter case, all
the parameters of the attribute, which are actually sets of values, must contain
the value of the corresponding parameter of the sample. The goal of the learning
algorithm can be stated as follows: there is a (possibly infinite) set S* of all the
patterns that may occur, partitioned into C' different classes ST, ..., S, with
S; NSt = ¢ fori# j; to the algorithm is given a finite subset S C S* (training
set) of labeled patterns (S = S;U---US¢ with S; = SN S)), from which it tries
to find a sequence of prototype graphs G7,G3, ..., G, each labeled with a class
identifier, such that:

VG € S*Ti : G} > G(completeness of the prototype set) (1)

VG € S*,G;>G = class(G) = class(GY)(consistency of the prototype set) (2)

where class(G) and class(G*) refer to the class associated with sample G and
prototype G*, respectively. Of course, this is an ideal goal since only a finite
subset of S* is available to the algorithm; in practice, the algorithm can only
demonstrate that completeness and consistency hold for the samples in S. On
the other hand, (1) dictates that, in order to get as close as possible to the ideal
case, the prototypes generated should be able to model samples also not found
in S. However, they should not be too general otherwise (2) will not be satisfied.

A description of the learning algorithm is presented in the following: the
algorithm starts with an empty list L of prototypes and tries to cover the train-
ing set by successively adding consistent prototypes. When a new prototype is
found, the samples covered by it are eliminated and the process continues on the
remaining samples of the training set. Then a sample is compared sequentially
against the prototypes in the same order in which they have been generated, and



it is attributed to the class of the first prototype that covers it. In this way, each
prototype implicitly entails the condition that the sample is not covered by any
previous prototype. The algorithm fails if no consistent prototype covering the
remaining samples can be found. It is worth noting that the test of consistency
in the algorithm actually checks whether the prototype is almost consistent, i.e.
almost all the samples covered by G belongs to the same class:

Consistent(G*) < m?X(|Si(G*)| /1S(G*)]) > 6 (3)

where S(G*) denotes the sets of all the samples of the training set covered by
a prototype G*, and S;(G*) the samples of the class ¢ covered by G* and 6
is a threshold close to 1. For further details about the representation and the
algorithm you can refer to [5].
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Fig. 1. An example of GARG covering two graphs. The example is extracted from the
application domain used in the experimental phase. In bold the parts of the two graphs
covered by G™.

An heuristic function H is introduced for evaluating how promising is the
provisional prototype. The heuristic function used in the algorithm is given by
the product of Heompr and Heons:

H - Hcompl(s, G*) : HconS(Sv G*) (4)

and it is based on estimation of consistency and completeness of prototype. The
use of H.,ps will drive the algorithm towards consistent prototypes while the
term Heompi is introduced in order to privilege general prototypes with respect
to prototypes which, albeit consistent, cover only a small number of samples.

See Figure 1 for an example of a GARG G* that covers the graphs G and
G representing two chemical compounds.

3.2 Graph Kernels

In this section we will introduce two kind of Graph Kernels: Bag of trails Kernel
and Laplacian Kernel.



Bag of trails Kernel Let us consider a graph G = (V, E) where V denotes the
set of vertices and F C V x V the set of edges. We define a simple-graph as a
graph with no multiple edges between two nodes and no loop (an edge linking
a node with itself). We define a trail as an alternating sequence of nodes and
edges with distinct edges and a path as a trail with distinct nodes. A bag of trails
T associated to G is defined as a set of trails of G whose cardinality is denoted
by |T'|. The kernel between trails is denoted Kyqi;.

Suard [20] has proposed numerous kernels for bags of paths which can be
easily extended to bags of trails. We proposed to extend the mean kernel to bag
of trails. By considering the bag of trails as set and a trail kernel Ky,4;;, we can
design a convolution kernel called mean kernel as follows:

1 1
Kmean(Tla T2) = T Kirail (tv t,)' (5)
I 2

where 77 and 75 denote two bags of trails.

Following Haussler [6], this kernel is positive definite on the bag of trails
domain if and only if K}, is positive definite on the trail domain.

However, the mean kernel compares all the paths of both bags without con-
sidering their relevance in both bags. As a consequence, irrelevant paths may
corrupt the overall value of the kernel due to the "meaning" effect. Recently
Dupé et al. [4], proposed to limit this effect by using a relevance measure of
trails. Let T7 and T two bags of trails, the weighted mean kernel between these
two bags is then defined as:

1 1

Kueightea(T1, To) = = Y Y <Rry (), Ry, () > Kipaia (t,1). (6)
EAREE e

where d € R allows to weight the importance of the relevance measure and
Ryp(t) denote the relevance of trail ¢ according to the bag T. This relevance
measure is defined as the similarity (the kernel) between the input trail and the
mean trail of the bag (R (t) = ﬁ Y over Kerair(t,1')).

Kernel defined by equation 6 is a convolution kernel and so is positive definite
if Kyrqi1 18 positive definite.

The above bag of trail kernels are based on a trail kernel Kj,.q;;. A kernel
between two trails ¢ = (v1,e1,...,v,) and t' = (v}, €),...,v,) can be derived
from the path kernel proposed by Kashima [8]. This kernel is defined as 0 if both
trails have not the same size and as follows otherwise:

Kt'fail(tv tl) = Ky (SO(UI)7 @(’Ui))HKe(w(eUi—lvi% w(evgilvg))KU (W(Ui)v QO(’U:;)), (7)
=2

where ¢(v) and ¥(e) denote respectively the vectors of features associated to the
node v and the edge e. The terms K, and K. denote two kernels for respectively
node’s and edge’s features. Using labeled graph K, and K. are defined as Dirac
functions comparing the labels of respectively vertices and edges. Since Kirq4
is a tensor product kernel, it is positive definite since K. and K, are positive
definite kernels.



Laplacian Kernel The graph edit distance between two graphs is defined as
the minimal number of vertices and edge removal/addition/relabeling required
to transform one graph into an other [12]. The computational complexity of the
exact computation of the edit distance is exponential in the number of vertices.
Fortunately, Riesen and Bunke [15] proposed an heuristic to efficiently approxi-
mate the edit distance between two graphs.

Unfortunately, the edit distance does not define a metric and, as a conse-
quence, kernels directly based on the edit distance does not define a valid kernel.

Let us consider a set of input graphs {G1,...,G,} defining our graph test
database. Given a kernel k, the gram matrix K associated to this database is
an n X n matrix defined by K;; = k(G;, G;). As denoted by Steinke [19], the
inverse of K (or its pseudo inverse if K is not invertible) may be considered as
a regularisation operator on the set of vector of dimension n. Conversely, the
inverse (or pseudo inverse) of any definite positive regularization operator may
be considered as a kernel. More precisely, within an interpolation or classification
scheme, the optimal mapping of a real value f* to each graph {G4, ..., G,} which
interpolates a vector of know values y while minimising the norm induced by K
in R™ is achieved by solving the following minimisation problem:

f* = argminsegnCLoss(f,y, K)+ ff K1 f

where C'Loss(-, -, ) denotes a given loss function encoding the distance between
vector f and the vector of known values y.

One scheme to design a kernel consists thus to first build a definite positive
regularization operator and then to take its inverse (or its pseudo inverse) to
obtain a kernel. Having an interpolation problem in mind, we would like that our
regularization operator penalizes different values of f* mapped onto graphs with
a small edit distance. We thus consider the Laplacian operator defined as follows:

given the set of graphs, {G1,...,G,}, we first consider the n x n adjacency
d(G;,G ;)
matrix W;; = e~ o where o is a tuning variable and d(-,-) denotes the

edit distance [15]. The normalized Laplacian of {G1,...,G,} is then defined as
L=I-D"2WD~2 where Dis a diagonal matrix defined by D;; = Z?Zl Wi ;.

Well know results from spectral graph theory [2], establish that L is a sym-
metric, semi definite positive matrix whose eigenvalues belongs to [0,2]. Un-
fortunately, the Laplacian is also well know for being non invertible. The only
semi definite property of the Laplacian matrix forbids a direct inversion of this
matrix. Moreover, the pseudo inverse of the Laplacian induces numerical insta-
bilities which does not lead to a reliable kernel. Therefore, following Smola [18],
we rather regularize the spectrum of L. The regularized version of L, denoted as
L, is defined as :

E:

(2

n
r(Ai)uiu; (8)

=1

where {\;, u;} denotes the eigensystem of L while r(-) is a regularization function.

Many regularization functions may be used, however we restricted our choice to

Regularized Laplacian ([18]): r(A) = 1 4+ n\ where 7 is a tuning variable.



The regularized laplacian L is invertible and its inverse K = L' is taken as
a kernel.

4 Experimental Evaluation

The application used for the comparison between the two approaches is the
Predictive Toxicology Challenge.

4.1 The Application Domain and the Test Sets

Nowadays, almost every human being in industrialized societies is exposed to
chemical compounds whose long-term effects are not evident. The carcinogenic-
ity of such compounds, for instance, is often unknown. The US National Toxicol-
ogy Program (NTP) 5 conducted several experimentations on the effects of many
chemical compounds on mice and rats, but such empirical results are expensive
and very slow to obtain. Hence the necessity to find carcinogenicity models able
to generate reliable toxicity predictions for other compounds. The Predictive

Dataset FM MM FR MR
Cancerogenic 78 67 62 70
Non-Cancerogenic 124 123 140 124
Test Set 78 64 98 105
Table 1. Number of Chemical Compounds in the sets used for the experimentation.

Training Set

Toxicology Challenge ¢ was initiated in this aim. It enabled participants to sub-
mit machine learning programs which, from the large training datasets of the
NTP, provide carcinogenicity predictions of compounds in test sets. According
to the Structure Activity Relationship (SAR) hypothesis, which assume that the
activity of a molecule can be entirely determined by its structure, the only in-
formations used for toxicity prediction of a molecule are related to its chemical
structure.

Four distinct training and test sets were provided (see Table 1), since mice
and rats reactions to carcinogens compounds are significantly different. In this
paper we consider all the provided datasets using, for both the methods, the
following representation: each chemical compound is represented by a graph
G(V,E,a, 3) where V represents the set of atoms, E is the set of edges repre-
senting bonds, « is the nodes labelling function that associates an atom symbol
to each node of the graph and g is the edges labelling function that associates a
bond multiplicity to each edge of the graph.

® National Toxicology Program: http://ntp.niehs.nih.gov/
6 http://www.predictive-toxicology.org/



4.2 Evaluation and Comparison

In Table 2 we report the comparative results obtained on FM, MM, FR and MR
datasets by the two different approaches.

The three methods (two methods from the Graph Kernels) have comparable
results. However the time required by Symbolic Learning method is very high.

We can conclude that in problems that have stricts time contraints Graph
Kernels method is very effective while Symbolic Learning can be used only on
smaller problems, or where there are less time constraints. On the other hand
Symbolic Learning generates explicit, declarative knowledge on the classes in the
form of GARGs that may be understood with little effort by a human expert:
a direct inspection of such explicit prototypes can be sufficient to validate them
or possibly to delete the badly formed prototypes that could be detrimental
for classification performance. The Graph Kernel approach, instead, is able to
perform a classification, but not to explain the criteria that guided its choice.

Method FM MM FR MR Elapsed Time
Symbolic Learning 60.4% 52.1% 62.0% 62.0% ~ 2000 min
Bag of trails Kernel 61.2% 50.4% 62.8% 65.6% ~ 2 min
Laplacian Kernel 59.2% 55.2% 57.7% 60.9% ~ 1 min 30 sec
Table 2. Accuracy and Elapsed Time for the two methods on the FM, MM, FR and
MR dataset.

In conclusion the results confirm that there is no way to decide what is the
best method because both approaches have their peculiar virtues and deficien-
cies.

In our view, the two approaches should not be seen as competitors; instead,
only their cooperative integration can provide us with more powerful tools for
knowledge exploitation. The first step toward the integration of the two method-
ologies could be their combined use in a multiexpert system [7]. As widely demon-
strated in the literature, an accurate selection of the combining criteria allows us
to significantly improve the results obtained by the single experts by retaining
their strengths, while overcoming their weaknesses.

5 Conclusions

In this paper we presented a comparison between two approaches, Graph Ker-
nels and Symbolic Learning, within a classification scheme. Our experiments
indicate that both approaches are comparables in terms of accuracy. Graph ker-
nel methods require less execution times but does not provide an explanation of
the classification criteria. Symbolic Learning, on the other hand have the reverse
advantages and drawbacks. Both methods are thus clearly complementary.

Future steps, as we discussed in the last section, could be an integration of
the two approaches in order to improve the results obtained by the application
of the single approaches.
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