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Diffusion MRI: Brownian Motion

a: Brownian motion of water molecules
b: Constraints due to body internal structures
c: Signal = Local macroscopic diffusion

Objective
To estimate the probability P of the macroscopic displacement p during a
diffusion time dt.
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Signal acquisition

(a) PDF

Figure: Acquisition steps.

Why measuring PDF ?
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Interest of Radial PDF

Information on cells micro-structure that
composed the organic tissue. Ex: axon diameter,
number of compartments. Spinal cord

[Cohen02]

May increase detection of anomalies such as
demyelinization, a symptom of multiple sclerosis.

Figure: Myelination of an axone [www.jdaross.cwc.net]
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Diffusion in a bi-homogeneous environment

Figure: Experimental graph: human erythocytes rate for decreasing values of
hematocrites. [Kuchel97]

Empirical approximation of signal by a bi-exponential function
(compartiments: intra/extra diffusion).
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Diffusion in a complex environment

Figure: Simulation plot: fibers set of various diameters. [Cohen02]

Observations

Important information are found in the radial diffusion profile.
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High Angular Resolution Diffusion Imaging

P = F [E ], i.e. P(p) =
∫
q E (q)e−2πiqpdq [Callaghan91]

DSI: Fourier transform [Wedeen00]

Very long acquisition time

Needs high gradients ⇒ Magnetic
field distortion

QBI: Funk-Radon transform [Tuch04]

Radial projection of the PDF

Orientation Density Function
(ODF)
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HARDI Extension

Figure: Example of HARDI extension [Assaf05, Özarslan06, Wu07,
Assemlal-et.al08].

Better distribution of samples on the Q-Space.

Problem

Still insufficient number of samples for a Fourier transform. Which
mathematical tool for the signal estimation ?
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Continuous representation of the signal

Work presented at MICCAI 2008 [Assemlal08-et al].
Reconstruction with limited number of samples.

Continuous representation of the MR signal E in the following basis
(Spherical Polar Fourier SPF):

E (q) =
∞∑

n=0

∞∑
l=0

l∑
m=−l

anlmRn(||q||)ym
l

(
q

||q||

)
(1)

where anlm expansion coefficients, Rn and ym
l are respectively are radial

and angular atoms.
The basis is orthonormal in spherical coordinates:∫

q∈R3

[
Rn(||q||)ym

l

(
q

||q||

)]
·
[
Rn′(||q||)ym′

l ′

(
q

||q||

)]
dq = δnn′ll ′mm′ (2)
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Radial Atoms

Figure: Some radial atoms Rn,
γ = 100

Figure: Experimental plot
[Kuchel97]
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Algorithm

G ODF FRT ISO

hk(p) δ(1− |p·k|
||p||||k|| ) J0(2π||q′||||p||) δ(k)

Table: A non exhaustive list of PDF caracteristics G and their associated
projection function hk at point k.

hk Hk ak
nlm

E bnlm

G(k)

iFFT SPF

SPF

Projection

Figure: Overview of the algorithm for the computation of a PDF characteristic
G at point k

How to robustly estimate SPF coefficients bnlm from noisy MR signal ?

(GREYC IMAGE) Diffusion MRI CDMRI 2008 12 / 24



Algorithm

G ODF FRT ISO

hk(p) δ(1− |p·k|
||p||||k|| ) J0(2π||q′||||p||) δ(k)

Table: A non exhaustive list of PDF caracteristics G and their associated
projection function hk at point k.

hk Hk ak
nlm

E bnlm

G(k)

iFFT SPF

SPF

Projection

Figure: Overview of the algorithm for the computation of a PDF characteristic
G at point k

How to robustly estimate SPF coefficients bnlm from noisy MR signal ?

(GREYC IMAGE) Diffusion MRI CDMRI 2008 12 / 24



1 Estimation of DTI, ODF

2 Our contribution
Variational estimation of PDF-Characteristics
Robust Rician estimation & and regularization

3 Results

(GREYC IMAGE) Diffusion MRI CDMRI 2008 13 / 24



Robustness to noise

Problem

Acquisition noise not Gaussian but Rician.
Nontheless most methods use least square estimation !
⇒ Bias especially at low SNR values (high b values).

Figure: Energy associated to respectively Gaussian and Rician likelihood ψ
functions. E = 1 and σ = 0.5.
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Variational framework

Robustly estimate and regularize the SPF coefficients by minimizing the
functional energy:

min
A

{∫
ΩE

[
ns∑
k

ψ(Êk)

]
+ αrϕ(||∇A||)dΩE

}
, with Ê = M.A (3)

The best fitting coefficients A are computed with a gradient descent
coming from the Euler-Lagrange derivation of the energy. This leads to a
set of multi-valued partial derivate equation.

At=0 = U0

∂Aj

∂t =
∑ns

k Mk,jψ
′(Êk) + αr div(ϕ(||∇A||))

(4)

iteration 0 iteration 1 ... iteration n
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Advantages: adaptive to noise distribution

ψ-likelihood function adapted to MRI noise law:

The best ψ function is the one specific to MR scanners, ie. Rice distribution:

p(E |Ê , σ) =
E

σ2
exp

(
−(E 2 + Ê 2)

2σ2

)
I0

(
E · Ê
σ2

)
(5)

We seek Ê which maximizes a posteriori (MAP) the log-posterior probability
[Basu06]

log p(Ê |E ) = log p(E |Ê ) + log p(Ê )− log p(E ) (6)

Consequently the pointwise likelihood is

log p(E |Ê , σ) = log
E

σ2
− (E 2 + Ê 2)

2σ2
+ log I0

(
E · Ê
σ2

)
= ψ(Ê ) (7)
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Advantages: regularity

Ensure a global regularity of the SPF field:
ϕ(||∇A||) = ϕ(

∑
nlm ||∇Anlm||)

ϕ is a contour preserving
function, widely used in
image processing.
Example of possible
regularization function ϕ
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Rician vs Gaussian likelihood function

a) Truth b) Noisy

c) Gaussian d) Rician

|Gauss − Truth| |Rice − Truth|
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Validation on synthetical data: likelihood

Figure: Synthetic phantom of networks of crossing fibers. Performances of
likelihood functions on increasing levels of noise.
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Regularization vs no regularization

a) Phantom b) Original data
PSNR: ∞

c) Without regul.
PSNR: 12.8

d) With regul.
PSNR: 16.6

Figure: Effects of spatial regularization on the GFA. Isotropic area are black,
anisotropic area are white. PSNR(noisy,original)=18.5.
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Results of in-vivo experiences

(a) DTI (Basser94)

Figure: Brain white matter: ODF overlayed on a GFA map. DTI(a) and QBI(b)
were computed with b = 3000 s/mm2. Our method (c) shows the obtained ODF
with b = 1000 and 3000s/mm2.
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Results of in-vivo experiences

(b) QBI (Descoteaux07)

Figure: Brain white matter: ODF overlayed on a GFA map. DTI(a) and QBI(b)
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Results of in-vivo experiences

(c) Our method, G=ODF

Figure: Brain white matter: ODF overlayed on a GFA map. DTI(a) and QBI(b)
were computed with b = 3000 s/mm2. Our method (c) shows the obtained ODF
with b = 1000 and 3000s/mm2.
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Results of in-vivo experiences

a) S0 b) DTI c) QBI d) G=ODF

e) Rice f) Soft Reg. g) Med. Reg. h) Strong Reg.

Figure: Comparison of GFA on region of corpus callosum and lateral ventricles.
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Conclusion

Variational framework for robust estimation of various characteristics
on tissue microstructure from MR images.

Rician estimation much improves the radial profile of MR Signal.

Regularization enhances coherence and fibertracking may take
advantage of this.

Thank you for your attention.
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