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Basics of Machine learning
ESSSSSSSEE Cla c methoc

ENSI . Fre Huu\h ules to prediction
CAEN What do we mean by learning ? Neural Networl

Graph Neural Networl

Learning is an active process

@ The learning process involves the deduction of some invariant and some
kind of generalization, e.g.

e learn to do bicycle/tennis,
e learn to drive a car,. ..

e It involves an ability to deal with unknown situations/configurations.

Learning # “by heart”

@ A database stores a huge amount of data but learns nothing.
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Different learning epochs

Basics of Machine learning
Classic methods

From molecules to prediction
Neural Networks

Graph Neural Networks
Bibliography

Level 0 (1965-1980): Hand made classification (Expert Systems)
If nbcarbons > 10 and diameter < 15 then ebulitionPoint > 10°
Level 1 (1990-2000): | Design of feature vectors/(di)similarity measures.

Automatic Classification

PO
S

Input Space

Feature Space

Level 2 (2000-): Automatic design of pertinent features / metric from huge

amount of examples.

We will study Levels 1 and 2 systems within the lecture.
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Basics of Machine learning
asics of Machine learning

Ex‘Ele Machine learning and chemistry: Why 7

@ Avoid/reduce expensive synthesis/test of candidate molecules.

@ Get a deeper understanding on the key molecular properties associated to
some effect.

@ Analyses of huge amount of molecules,
@ Avoid huge computations (molecule conformations),

@ Generate molecular candidate for a given effect.

@ Explore / structure large datasets
© Predict molecular properties, conformation,. . .

@ Explain a prediction.

Chemoinformatics

Prediction of individual molecule properties. The prediction of the ebulition

point belongs to chemoinformatics. The prediction of the freezing point is noti4s
]



Terminology

Basics of Machine learning
Classic methods
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Graph Neural Networks
Bibliography

QSAR (Quantitative structure-activity relationship) and QSPR (Quantitative
structure-property relationship) are the two main sub-fields of

chemo-informatics.

Criterium

QSAR

QSPR

Objective: predict

molecular activity

physico-chemical property

Type of property

functional or biological

physical or chemical

Example

Inhibition of an enzyme,
toxicity

ebulition point, LogP, sol-
ubility,. . .)

Example : Let us take a set of molecules for which we want to estimate the

toxicity:

e QSAR may predict the toxicity of each molecule,
e QSPR may predict the solubility and the logP.
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Basics of Machine learning
Classic methods
From molecules

Vitual Screening Neural Networks
Graph Neural Networks
Bibliography

° One molecule is selected from every 2.3 million compounds that target
the research project in this process,

o The average cost for effective drug research and development ranges from
$900 million to $2 billion,

e The time from the discovery of a drug produced for the treatment of a
disease to its release on the market takes an average of 12-15 years,

@ The success rate of launching a drug from a Phase I clinical trial is
daunting, less than 10%.

o prediction

A

o o O Eximenivr
s = e
e i, QSAR modeling

Large chemical
libraries.

In vivo assays n v{lr;

hit-to-dead and lead-optimization

al A
-
Ly’
Synthesis of
prieritized compounds

Virtual screening
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Basics of Machine learning
Classic methods
. . From molecules to prediction
Deeper understanding of key properties weus vewwor
Graph Neural Networks
Bibliography

Level 1 ML methods are based on the following aphorism:
Similar molecules have similar properties.

Which hides many properties and many ways of being similar. . ..

@ Design a similarity /distance measure between molecules in order to
predict a molecular property

e search for the key properties of molecules related to this property.
This search being guided by the dataset and the ground true values.
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Basics of Machine learning
Classic methods

‘rom molec

:

Analyses huge amounts of molecules =~ e~
Graph Neural Networks
Bibliography

to prediction

orks

Chemoinformatics allow to pass from raw chemical data to a structured
dataset. Queries may be as follow:

e Find all molecules which have one/a set of compounds,
e Get all the molecules similar to a given one,

e group molecules by similarities, check cluster properties. ...

o the analysis of heterogeneous graphs with molecules, proteins and effect
nodes and ’similar’; ’docking’, ’induces’ relationships is an active research

field.
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Basics of Machine learning
Classic methods

. . From molecules to prediction
Avoid huge computations Neural Networks
Graph Neural Networks
Bibliography

@ The 3D shape of a molecule is important for many properties.

e Computing all conformations of minimal energy or the evolution of a
molecule given an initial conformation requires huge calculus on
supercomputers.

e = Restricts these computations to small molecules/small datasets.

Machine learning approach :

e Given a conformation, learn the molecular and atomic energies , induce
the force fields applied to each atom, modify the conformation.

@ Much more efficient.

Ask yourself: does all champions in freestyle skiing or in parallel bars have a
master in solid mechanics 7
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Classic methods
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Sommaire de la section Neural Networks
Graph Neural Networks
Bibliography

Classic methods

o How to measure ML performances
e knn

e SVM

o Kernel Methods
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Basics of Machine learning
Classic methods
From molecules to prediction

In classification Neural Networks
Graph Neural Networks
Bibliography
predicted
0 1

ground | 0 | TN | FP
true 1| FN | TP

Let us suppose that you receive 10 emails, 7 are classified as spam and 3 as
‘normal’. We suppose 2 errors among the 7 emails detected as spam, and 1
error among the emails classified as normal: TP=5 FN=1, TN=2, FP=2.

@ Accuracy:

A correct classification TP +TN
ccuracy = =
4 total classification TP+TN+ FP+ FN

e.g. Accuracy=(5+2)/10=70%.
o Recall:

correctly classified positive TP
total of positive TP+ FN

Recall(TPR) =

e.g. Recall=5/(5+1)=~ 83%

13 / 143



Basics of Machine learning
Classic methods

In classification ?";fl.'Lﬁ'ﬁ"il’;t}“'“‘.’}(i" P
Gra Neural Networks
Bibliography
predicted
0 1
ground | 0 | TN | FP
true 1| FN | TP
TP=5, FN=1, TN=2, FP=2.
e False positive rate (FPR)
FPR— incorrectly classified negative FP
N total of negative ~ FP+TN
e.g. FPR=1/(1+2)=33%.
@ Precision:
correct positive classification TP

Precision — _
recision total of positives classification TP + FP

e.g. proportion of emails in spam folder which effectively correspond to a
spam. Precision=5/(5+2)~ 71%.
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Basics of Machine learning
Classic methods
. . From molecules to prediction
In Classification Neural Networks
Graph Neural Networks
Bibliography

predicted predicted
0 1 0 1
ground | 0 | TN ground | 0 | TN | FP
true 1 TP true 1 TP
Accuracy Recall
predicted predicted
0 1 0 1
ground | 0 FP ground | 0 | TN
true 1| FN | TP true 1| FN | TP
FPR Precision
+m
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Basics of Machine learning
Classic methods

In classification

predicted
0 1
ground | 0 | TN | FP
true 1| FN | TP

TP=5, FN=1, TN=2, FP=2.
@ F1 score: harmonic mean between precision and recall:

precision*recall 2T P
premsmn—i—recall 2TP+ FP+ FN

e.g. F1=2%5/(2*5+24+1)~77%.
e mean F1 (mF1):

mF1 = Arithmetic mean of F1 for all classes.

F1=2x%

In our example:

1 1
mF; = §(F10+F11) = 5(2*2/(2*2+2+1)+2*5/(2*5—|—2—|—1)) ~ 67%.
Mainly used for multi class problems with asymmetric classes.
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Basics of Machine learning
Classic methods
. From molecules to prediction
In Regression Neural Networks
Graph Neural Networks
Bibliography

e Mean Squared Error (MSE):
MSE =LYy - g
n Pt K2 K2

y;: prediction, §;: true value.
@ Mean absolute error (MAE):

1 & R
MAEZEZM—ZM

=1

e Less smooth than MSE :-(.
e Avoid to focus the optimizer on large errors :-).
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Basics of Machine learning
Classic methods
From molecules to prediction

K-Nearest Neighbors algorithms Neural Networks
Graph Neural Networks
Bibliography

Introduced by [Fix and Hodges, 1951]
Let us consider a training set D and an input query x, k € N*, and a distance
between molecules.

@ Find the k closest neighbor from x in D,
© Determine the class or the value of x from the k closest neighbors.
For a classification problem with N class we have:
N
R_RkNN_R< N—1R>

where R* is the Bayes error rate (minimum achievable error rate).
Note that for N = 2 we have :

R* < Rgnny < R*(2—2R*) =~ 2R*
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—

E;‘E-“,} Class/value computation step

Classic methods

Classification: Majority vote among the k neighbors,

Regression: mean or median value.

Weighted kNN

Associate a weigh to each neighbor, e.g.:

S ComE REES o
i = . Wi = %
d(x,x,)—i—l E 1 Wy

j=

So that Zle w; = 1.
Classification: Ponderate the vote of each neighbor by its weigh.

Regression: compute a weighted mean.
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Basics of Machine learning
Classic methods
From molecules to prediction
Problems to solve Neural Networks
Graph Neural Networks
Bibliography

@ Choose k.

@ Choose a distance: Graph based distance, vector based distance
(Euclidean, Manhatan, Minkowski),

@ Take care to execution times and to the curse of dimensionality if vectors
en employed.
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Basics of Machine learning
Classic methods
. From molecules to prediction
ENSI  Choice of k Neural Networks
SAEN Graph Neural Networks
? Bibliography

k is an hyper parameter of the method which may be chosen by trial and
errors or by a cross-validation.

o A small value of k£ (e.g. k= 1) makes the algorithm sensible to outliers,

@ a large value induce intensive computations and reduce the relevance of
the answer (smooth the borders between classes).
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Basics of Machine learnin
e

gEEssEEess Ql‘assic methods
ER‘ESN' Choice of a distance Neur 1\”\1“\‘{‘\\““

d is a distance on X iff:

Separation: d(z,y) = 0 if and only if x = y (otherwise it is a
pseudo-distance),
Symmetry: d(z,y) = d(y, )
Triangular inequality: d(z,y) < d(z, z) + d(z,y) for any z € X.

Graph based distances

e Graph edit distance

e Distance based on the size of the maximal common subgraph.

Vector based distances

e Euclidean distance (real fingerprints),

e Hamming distance (binary fingerprints). If a = (a;)icr, b = (b;)ier:
d(a,b) = {i | a; # b;}|
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Basics of Machine learning
«u=YTEETER :
fEsssEsEs Classic methods

ENSi . . From molecules to prediction
caen  Graph edit distance

Bibliography

d(G1,G2) is the minimal cost of a set of operations transforming G; into G
using vertex/edge insertion/deletion/substitutions.

Definition (Edit path)

Given two graphs G1 and Go an edit path between G, and Gy is a sequence of
node or edge removal, insertion or substitution which transforms Gy into Gs.

H
H 7&71{
ﬁ substitution
of two nodes

A substitution is denoted u — v, an insertion € — v and a removal u — €.

c—0 c—0

removal of two | edge substitution
nodes& edges 0

H
H—(—0
0
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Basics of Machine learning
Classic methods

From molecules to prediction

Neural Networks
Graph Neural Networks
Bibliography

All paths go to Roma. .. However we are usually only interested by the
shortest one.

Let ¢(.) denote the cost of any elementary operation. The cost of an edit path
is defined as the sum of the costs of its elementary operations.

e All cost are positive: ¢() > 0,

@ A node or edge substitution which does not modify a label has a 0 cost:

cl—=1)=0.
H H
H—é—H H—é—O — c—0 —0
\ A=H28 \ GZhcC \ G=H- 2= &
H (0] azlzre (0]

If all costs are equal to 1, the cost of this edit path is equal to 8.
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P Classic mothods
ENSI . . From molecules to prediction
CAEN Graph edit distance Neural Netwo

k
ural Networks

Definition (Graph edit distance)

The graph edit distance between G1 and G is defined as the cost of the less
costly path within T'(G1,G2). Where I'(G1,G2) denotes the set of edit paths
between G1 and Gs.

d(G1,G2) = min c(e
(G1,Go) weF(Gl,Gz)Z (e)

ecy

@ The exact computation is N P-hard. Usually computed thanks to A*
algorithms with exponential complexity.

o Heuristics exist allowing to compute approximate GED in
O(min(n, m).max(n,m)?) where n and m are the size of both
graphs [Blumenthal et al., 2020].
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Basics of Machine learnin

Classic methods

ENEGI . . From moleculgs to pre
E”ESN' Distances based on maximum common subgraphs
GraplNeural Netwc

diction

Bibliogray

A Maximum common induced subgraph (mcs), is a graph that is an induced
subgraph of two given graphs and has as many vertices as possible.
A distance may be defined as follow from it:

|mes(Gy, Ga)

d(G1,Gy)=1— ——————
(1. G =1 = (G Gal)

Using bytes instead of graphs, it would correspond to the number of common
"1’ of two bytes divided by the maximal number of "1’ of both bytes.

Connection to GED
If costs are constants and c¢(u — v) > ¢(u — €) + ¢(v — €) then :

GED(Gy,Gs) = cte — |Vi|(coq + vi) + |E1|(Cea + Ces)

where (Vi, E1) = mes(Gy, Ga).
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Basics of Machine learning
Classic methods
. . From molecules to prediction
Execution times Neural Networks
Graph Neural Networks
Bibliography

The brute force computation of the k closest neighbors require O(n) distance
calculus (where n is the size of the training set).

Use the distance to structurate the space and avoid as many
unnecessary distance computations as possible.

Different structuration have been proposed for vector based representations:

@ k-d tree [Sproull, 1991], based on a recursive split of the space into
homogeneous clusters by cutting each cluster by an hyper plane until each
cluster contains k molecules.

e R-tree/R*-trees, Hilbert R-tree/PR~trees [Arge et al., 2008] insert one by
one data into the leafs of a tree where each tree encodes a rectangle. The
insertion in the chosen leaf induce a minimal modification of its rectangle.
When a leaf exceed a given capacity it is split into two new leafs (for e.g.
of equal size).
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CAEN kd tree: The search phase

Al Bl
X
% % ><>< % X
XX
X x
B2
><>< x x
X « X X X
x X
X X
X

e Mean search time: O(log(|D|))
e Worse search time: O(|D]).

Basics of Machine learning
Classic methods

From molecules to prediction
Neural Networks

Graph Neural Networks
Bibliography

A B

Al A2 Bl B2
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Basics of Machine learnin

Classic methods

ENGl . From molecules to predic ;“y‘
E”ESN' Trees for graph based representations — wewsi Newwor

Graph Neural Networl

Metric trees [Chavez et al., 2001] such as monotonic bisector trees
(MBST) [Kalantari and McDonald, 1983] split recursively the space using
cluster’s representatives (e.g. median).
e A cluster N' = (0,C,r, N1,N3) satisfies d(o,c) < r for all ¢ € C. The sons
Ni and N, are defined as:
o N1 = (O7T1,N/1,N/2) with r1 <r and
o NQ = (OQ,TQ,N//l,NHQ) with T2 S .

Let us suppose that we search for all molecules m such that d(q,m) < 7, 7
fixed. Given a cluster N' = (o0,C,r, N1, N>), let us distinguish 4 cases:

MBST-1: d(q,0) > 7+,
MBST-2: d(g,0) <7 —r,
MBST-3: ~(1) A —~(2) A =(N; = Ny = null)
MBST-3: ~(1) A =(2) A (N; = Ny = null)
In (1) MV can be discarded, In (2) all elements of N can be accepted, In (3)

search should be conducted on the sons of A/. Ounly in case (4) all elements of

N must be checked. 29 / 14
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Basics of Machine learning
Classic methods

From molecules to prediction
Neural Networks

Graph Neural Networks
Bibliography

Classﬁicatlon is usually performed by dividing the feature space by an
hyperplane.

What is a good hyper-plane 7
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Basics of Machine learning
Classic methods

. From molecules to prediction
aEN  Support Vector Machine (SVM) Newral Networke

et Graph Neural Networks
. = Bibliography

e Find the hyper plane with the maximal margin (solution unique).
o The only data which really matter are the support vectors.
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Basics of Machine learning
Classic methods

From molecules to prediction
SVM: a touch of theory Neural Networks
Graph Neural Networks
Bibliography

Let {(z1,l), ..., (zp,lp)} denote the training set with [; € {—1,1}. Let
h(z) = wTx + wy denote the oracle. The oracle is perfect on the training set
ift:

lkh(zx) >0, 1 <k <psoiff ly(w'zp +wo) >0, 1<k<p

e The margin of xj is given by:

e We additionally suppose that the vectors of max (z;,..)/resp. min

marg
(Trarg) satisfy:

T

T
{ w'ah g wo = 1
W Ty w0 = —1

The value of I (w? 2y +wp) > 1 for all k, 1 included.
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From molecules to prediction
Neural Networks

Graph Neural Networks
Bibliography

= Lm@'nk (lk(mek + wo)) =

[[w]l

e Hence maximizing the margin is equivalent to:

(lk(mek + wo)) B

1
[[o]]

1
Minw§||w||2 under the constraints I (w” zp +wg) > 1

e Using Lagrange multipliers we obtain the primal form of the SVM:

1 p
L(w, wo,a) = Z|w]|* - > ak (In(w”zk + w) — 1)
k=1

e Using partial derivatives of L() according to w and wy we obtain:
{ 2221 aklkxk = w*
22:1 Oéklk =0
e Which gives the dual form of the SVM formulation:

p P
~ 1
Maz,L(a) = E ap — 3 E aiajlilj:rzrxj under ay > 0 and E lpar =0
k=1 7 k=1 33 / 143




Basics of Machine learning
Classic methods

From molecules to prediction
SVM: Few remarks Neural Networks
Graph Neural Networks
Bibliography

@ One condition (KKT condition) hidden in Lagrangian from is that:
VEk, ay (lk((w*)Txk + ’LUU) - 1) = ak(lkh(azk) — 1) =0

Which means that at the optimum(w*), either {yh(zg) =1 (and zy is a
support vector) or aj = 0 and xj, plays no role in the solution.

e Both primal and dual forms only imply scalar products.
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SVM: soft margin Neural Networks
Graph Neural Networks
Bibliography

If the data in the training set are not linearly separable no hyperplane can be
found:

Replace the hard constraints by soft ones using slack variables.

Le(wlxy, +wo) > 1~ l(whzp +wo) > 1 —np with g, >0

Which leads to the minimization of the primal problem:

SR DR a
me§||w|| +C];nk

e (' is an hyper-parameter of the model. Large C' induce a better tolerance
to outliers (restricting the margin), too large C' induce an under
exploitation of the training data.

e (' is usually determined by cross validation with one or several validation
sets.
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Classic methods
L. From molecules to prediction
Kernels : Definition Neural Networks
Graph Neural Networks
Bibliography

o A kernel £ is a symmetric similarity measure on a set x

V(z,y) € X°, k(z,y) = k(y, )
e k is said to be definite positive (d.p.) iff £ is symmetric and iff:
V(x1,...,Tn)
V(Cl,...,cn) c ]Rn }ZZCZC] xz;xj >O
=1 j5=1
o K = (k(xs,2)))3 )eq1,..,n}y is the Gramm matrix of k. k is d.p. iff:

Ve e R" — {0}, ¢"'Kc >0

36 / 143



Basics of Machine learning
Classic methods

From molecules to prediction
Examples Neural Networks
Graph Neural Networks
Bibliography

If x = R", classical kernels include:
o Linear kernel:

K(z,y) = a'y

Polynomial kernel
K(z,y) = (z'y)? +¢,c€R,d €N

Cosinus kernel:

xty

K(z,y) = ———
@9) = ol

Rational kernel:

= — ylI?
K =1- beR—{0

o Gaussian Kernel

T — 2
k(e =eon (-Z2) o er-q0)
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Kernels and scalar products Neural Networks
Graph Neural Networks
Bibliography

Aronszajn 1950 :
A kernel k is d.p. on a space x
if and only if
it exists
e one Hilbert space H and
o a function p : x = H
such that:

k(z,y) =< ¢(x),p(y) >
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Reproducing kernel Hilbert Space Neural Networks
Graph Neural Networks
Bibliography

e To each d.p. kernel is associated a functional Hilbert space H called the
Reproducing kernel Hilbert Space.

@ H is composed of functions of the form:

()= Zaik(wi, y

H is composed of functions mapping real values to objects x € x.
o Forany f =" a;k(z;,.) and g = >, Bik(z;,.):

< fg>= Zzaiﬁjk(ﬂfi,ﬂ«"j)

i=1 j=1
@ The norm induced by the scalar product on H is defined as:
n n
1£% =D ciask(wi, z))
i=1 i=1
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Support Vector Regression/Classification i v
aph Neural Networks
Blhlm graphy

e Given a set of observations (z;,¥;) € x X R, support vector
regression/classification methods aim to find f* € H such that:

f* = argminC.Loss(mi, Yi, f(w’b)) + ||f||K
feH

e Where:

e Loss(): is the loss function (attach to data) and

o ||fllx: is a regularization term. Encodes the smoothness of f.

e (' is the tradeoff between both terms.
o Kernel design determines how classification/regression algorithms

generalize from the training set.
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Classic methods
) From molecules to prediction
A basic example Neural Networks
Graph Neural Networks
Bibliography

o Let x = R? and k(z,y) = (z'y)? + 1
e For any © = (21, 22) and y = (y1,y2) we have:

k(z,y) = (ziy1 + zoy0)® +1
= 1+ 2%yi + 23y3 + 2z1220192

e The function ¢ from R? to R* defined by:

o Satisfies
k(z,y) =< p(x), ¢(y) >
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o Let x = R? and k(z,y) = (z'y)? + 1
e For any © = (21, 22) and y = (y1,y2) we have:
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Basics of Machine learning
Classic methods

. From molecules to prediction
A basic example Neural Networks
Graph Neural Networks
Bibliography

o Let x = R? and k(z,y) = (z'y)? + 1
e For any © = (21, 22) and y = (y1,y2) we have:

k(z,y) = (ziy1 + zoy0)® +1
= 1+ 2%yi + 23y3 + 2z1220192

e The function ¢ from R? to R* defined by:

e Satisfies
k(z,y) =< p(x), 0(y) >
Remark: An hyperplane in H = R* corresponds to a quadric of R?.

<p@),n>=K=mn + nQ:z:f + ngxg +uV2z19 = K
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Graph Neural Networks
Bibliography

e Problem: ¢ is usually unknown.

e Many methods only need scalar product between data ( not explicit
coordinates) = replace scalar product by kernel.

e E.g. k-NN:

die(z1,22) = lp(a1) — @(x2)]?

< (1) — p(x2), p(21) — p(22) >

< p(@1),p(w1) > + < p(T2), p(72) > =2 < p(71), p(2) >
dK(.’El,LIIQ) = k(l‘l,xl)-l-k(l‘g,:l?g) —2]{3(2171,:272)

o Kernel trick

o Algorithm defined in H = (linear methods,non linear separation),
e Data stored in x.

Interesting but so what. ..

42 / 143
- EBRLBEEESES R
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Classic methods
. . From molecules to prediction
Sommaire de la section Neural Networks
Graph Neural Networks
Bibliography
From molecules to prediction
o Fingerprints
o Graph kernels
@ Kernels based on infinite Bags
o Kernels based on finite Bags
@ Application to chemoinformatics
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From molecules to prediction
Neural Networks

E . .
KCAEE Flngerprlnts Graph Neural Networks
= Bibliography

The principle of a fingerprint consists to describe a molecule by a real or
binary vector of fixed size.
e The mapping should be independent of the molecular representation (e.g.
of the numbering of atoms),
e molecules with similar patterns should have close fingerprints.
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Structural keys Neural Networks
Graph Neural Networks
Bibliography

Count or indicate the presence/absence of specified patterns.
Exemples:

e MACSS, use 166 keys, see https://github.com/rdkit/rdkit-orig/
blob/master/rdkit/Chem/MACCSkeys.py,

e PubChem fingerprints 881-bit long structural keys, see ftp://ftp.ncbi.
nlm.nih.gov/pubchem/specifications/pubchem_fingerprints.pdf
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ER‘ESNI Topological Fingerprints

From molecules to prediction

Atom pair fingerprint [Carhart et al., 1985]

@ Atom type: tuples of atomic number, number of heavy atom neighbours,
aromaticity and chirality.

e Atom pair substructure: (Atom type 1, Atom type 2, shortest 2D
distance)

e Remove duplicates and use hash function to create a sparse count or bit
vector (the fingerprint).

Topological torsion fingerprints [Nilakantan et al., 1987]

o Use the same atom types, but only consider sequences of 4 consecutive
non hydrogen atoms: (Atom Typel,Atom Type 2, Atom Type 3, Atom
Type 4).

Atom pair and Topological torsion get complementary information (short and
long range).
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@ Compute for each atom a descriptor encoding atom’s and atom’s bonds
properties. Use a hash function in order to derive an identifier from this
list.

@ FEach atom collect into an array its identifier and the ones of its neighbors.
This list is again hash into an identifier. The process is iterated according
to the size of the neighborhood we one to collect.

@ Remove duplicate identifiers (corresponding to a same substructure),

@ Create a binary fingerprint from the list of identifiers collected at step 2.
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6O
2
Hj

@ Compute features for e.g. using daylight atomic invariant:

Number of non-hydrogen immediate neighbors

Valency minus the number of connected hydrogens (in other words, total

bond order ignoring bonds to hydrogens),

Atomic number

Atomic mass

Atomic charge

Number of attached hydrogens (both implicit and explicit)

Whether the atom is a part of at least one ring(1, if yes, 0 otherwise)
fa=(3,4,6,12,0,0,0)

© Apply a hash function ~» —2155244659601281804 using python hash
function.

o
2]

Q000600
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©

2 ) Q -4080868480043360372

© 8311098529014133067

1, © 8311098529014133067

Q -2155244659601281804

@ -3602994677767288312

@ 38573586092015465947
@ Initialize a list of neighbors for each atom. E.g. for atom 4, [(1,

-2155244659601281804)].
@ For each non hydrogen neighbor, add a couple composed of the type of
the bound and the id of the neighbor. For atom 4, it gives:

[(1,—215...),(1,—360...),(1,831...),(2,857...)]

1, 2, 3: simple, double, triple bounds, 4 aromatics.
@ Convert each list of couple to a simple list and compute a hash.

@ Iterates for a given number of iterations. After each iteration concatenate
the list of obtained identifier.
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@ Remove identical identifiers (for e.g. for nodes 2 and 3 in the previous
example),

@ Determine if two different identifiers may correspond to a same
substructure (oxygen and nitrogen at iteration 2).

We determine this by attaching to each identifier the list of edges of the
corresponding structures. Two identifiers corresponding to a same list are
considered as duplicates.
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The list of identifiers covers all substructure from the atom level to the given
size of sub-patterns.

@ Set a size of fingerprint (e.g. size=1024),
@ Initialize a vector filled with 0 of the given size,
import numpy as np
fp = np.zeros(size)
@ For each identifier id: set a 1 at id%size in the fingerprint.
for id in identifiers:
fplidisizel=1
Note that collisions (different identifiers, same modulo) may occur.
The resulting vector register the existence of local substructures up to a given
size. The number of such substructures is not registered.
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Kernel and strutured data
The kernel trick provides an implicit embedding whose metric is defined from
our similarity criterion (the kernel).
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e No.( [Haasdonk, 2005]).

e results of SVM may be interpreted even with a non definite positive
kernel (distance to convex hull).

e Several methods have been specifically designed to deal with non definite
positive kernels.
e But ,

o Results are usually more difficult to interpret (Krein space),
o Mathematical properties are usually weaker,
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Basement paper: [Haussler, 1999].

° Walks Let G = (V,E). W = (v1,...,v,) is a walk iff
(vi,vi41) € E,\Vi € {1 ,n—1}

V.—o—o—o—o—o is a walk

o Kernel between walks

0 if |h] # [I/| and
K(h, 1) = N1 K (e e o i
Ky (vi,v1) 152 Ke(es, €) Ky (vig1,vj, ;)  otherwize
R S S
K, | K| Ky | Ke
@ L J
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e Walk kernels [Kashima et al., 2003] :

G1176712 Z Z K(h n ))‘G1 <h))‘G2 (h‘l)

heW(G1) K eW(G2)

e Covers different Graph kernels [Vishwanathan et al., 2010]:

1ifflhl=n Kis a nth order walk kernel
IfXg(h) =< Pg(h)(Markov RW) Kis a random walk/marginalized ker:
BIn Kis a geometric kernel

PG(h) (h1>Hn 1pt<h |h1 l)ptI(hn) with |h| =n

e Walks may induce totering problems: Walks with arbitrary length on the
same set of edges and vertices.

e Framework extended to tree-pattern [Mahé and Vert, 2009].
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e Kronecker product
Given two real matrices A™*"™ and BP*4, the Kronecker product of A and
B (A ® B) belongs to R™*™4 and is defined as:
alle al,zB . alymB
A® B = : :
an1B an2B ... apmB

@ Tensor product graph Let G; = (V1, E1) and G = (Va, E3), the tensor
product graph G = G1 ® G2 = (V, E) is defined by:

vV = {(’01,1}2) eVl x Vé}
E = {((vi,v2), (v1,v3)) | (v1,v1) € By and (va,v3) € Ea}
Aleo, A2
A B
\/ T Blea o B2
C1 C2
C
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1
Binhogrs Q}omputatlon

o Any walk in G; ® G5 corresponds to a common walk in G; and G5 and
vice versa.

o If M; is the adjacency matrix of G; and My the one of Go, M7 ® Ms is
the adjacency matrix of G; ® Gs.

° ((M1 ® MQ)’“)Z j encodes the number of common walks of length &
between nodes 7 = (v1,v2) and j = (v}, v2).

o Matrices:
“+ o0 400 )\k
(I-AM@M) ™" = M (Mi@My)F or exp(AMy@M) = Y = o (My®@My)*
k=0 k=0

encode the numbers of all common walks of G; and G2 weighted by a
factor depending of their length (\* or ’,\C—T)
e Kernel (e.g.):

np mq

K(Gy,G2) =Y > exp(AM; @ My); ;

i=1 j=1
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G — B(G)

& T pG) JRG.6) = KBE).BE)

Three independent step to design a graph kernel.

Graph Kernel

Bags of patterns
construction scheme

Bag of Pattern kernel———» Pattern kernel
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C

Bibliography
e Aims : Predict the physical or biological
properties of a molécule using the similarity
principle :
Two structurally similar molecules should have
similar properties.
@ Carbone
N
9 L
iy y W
e Graph definition : G = (V, E, u,v) e
e u encodes atom’s type, 7(3’“
e v encodes types of bonds. 2,37 8-tetrachlorodibenzo-p-dioxine
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@ One step beyong bag of paths : bags of treelets (trees of depth at most 6).

° oo oo o o oo

GO G]_ G2 G3
G4 G6 G7
GlO Gll

R
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ics of Machine learning

sic methods

e Two parts :

e Structural part : Treelet type (Go, G1,...)
e Label part : Canonical traversal of the treelet

0
HC SCHs

CH3
Figure: Code : G09-C1C1C101C1C

e Code(G) =Code(G') & G~ G
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e Two parts :

e Structural part : Treelet type (Go, G1,...)
e Label part : Canonical traversal of the treelet

0.2
HG™ " 2™>CH,

3CH3

Figure: Code : G09-C1C1C101C1C
e Code(G) =Code(G') & G~G
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e Two parts :

e Structural part : Treelet type (Go, G1,...)
e Label part : Canonical traversal of the treelet

0
CH,3
CHs

Figure: Code : G09-C1C1C101C1C
e Code(G) =Code(G') & G~G
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e Two parts :

e Structural part : Treelet type (Go, G1,...)
e Label part : Canonical traversal of the treelet

HC
CH3

Figure: Code : G09-C1C1C101C1C
e Code(G) =Code(G') & G~G
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e Two parts :

e Structural part : Treelet type (Go, G1,...)
e Label part : Canonical traversal of the treelet

O

HC CH3

Figure: Code : C1C1C101C1C
e Code(G) =Code(G') & G~G
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From graph to histogram

(o N (/- (G)
Hac&r CH3 [0 o)
C-C(3) C-0(2)

CH3 C-C-C(2) C-C-0(2) C-0-C(1)
(a) Molecule Cee)
C
(b)l Histogram
Kernel definition
K(G,Go)= > K(f:(G1), f+(G2))
TEB(G1)NB(G2)

(z=w)?
where K(.,.) is any kernel between real numbers (e.g. K(x,y) =€~ = ).
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e Some Facts :
e Our first solution considers bags containing all patterns,
e We do not have as in shape recognition a measure a priori of the relevance
of a pattern,
e The relevance of a given treelet should be fixed a posteriori given a dataset.

o MKL (Multiple Kernel Learning) method :
If: K(z,y) = ZwiKi(a:,y)
i=1

MKTL allows to fix (w;)ieq1,....n} optimally.
@ Our kernel :

K(G1,Go)= > K(f(G),[-(G))™E Y K:(G1,Ga)
TEB(G1)NB(G2) TEB(G1)NB(G2)
e A direct application of the MKL method provides the new kernel:
K(G1,Ga)= Y w.K(f(G1), f+(G2))
TEB(G1)NB(G2)

where w, is defined using MKL.
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e Given G = (V, E), define a graph C = (V¢, E¢) such that:
e ¢ € V¢ encodes a cycle of G.
e e¢ € FE¢ encodes an adjacency relationship between two cycles.

@ Apply our treelet kernel on C and combine it with the one on G.
O Co
¢

e he (& (2D
C3

N

op

(e () Cao

Molecular graph. Relevant cycles(RC). RC graph. RC hypergraph.
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Method RMSE Familly
Gaussian edit distance 10.27 Graph edit distance
Graph Embedding (Bunke) 10.19 Graph edit distance
Graph Embedding (EDM) 12.2 Graph edit distance
Kmean 12.24 Finite bag of paths
Random Walks 18.72 Infinite bag of walks
Tree Pattern Kernel 11.02 Infinite bag of tree pattern
Treelet Kernel (TK) 8.10 Finite bag of tree patterns
TK + Forward Selection 7.05
TK + Backward Elimination 6.75
Inter treelet kernel 5.89
TK + MKL 5.24

Table: Boiling point prediction on acyclic molecule dataset using 90% of the dataset
as train set and remaining 10% as test set.
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o Chemoinformatics

Method RMSE | Times(s) | Familly
Gaussian edit distance 10.27 1.35 Graph edit distance
Graph Embedding (Bunke) 10.19 Graph edit distance
Graph Embedding (EDM) 12.2 7.21 Graph edit distance
Kmean 12.24 Finite bag of paths
Random Walks 18.72 19.10 Infinite bag of walks
Tree Pattern Kernel 11.02 4.98 Infinite bag of tree pattern
Treelet Kernel (TK) 8.10 0.07 Finite bag of tree patterns
TK + Forward Selection 7.05
TK + Backward Elimination 6.75
Inter treelet kernel 5.89
TK + MKL 5.24

Table: Boiling point prediction on acyclic molecule dataset using 90% of the dataset
as train set and remaining 10% as test set.
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ARTIFCAL INTELLIGENCE

Simple Neural Network Deep Learning Neural Network
A AP

MACHINELEARNG

@inputlayer @ Hidden Layer @ Output Layer

@ Deep-learning is a part of machine learning,

e It avoids the necessity to design “good” features/distances/similarity
functions,

o It usually requires more amount of data then “classical” ML models.
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Inputs

—4

Output

Activation
Function
Weights

n
out = ¢ Zwimi +b
i=1

e w; correspond to the weigh,

@ b to the biais.

@ ¢ is a non linear function.
Both (w;) and b are learned.
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Rectified Linear Unit:
ReLU F(x) = max(0,z). Very popular

due to its simplicity and
efficiency.
Leaky ReLU: F(z) = max(ax,x), with «
; usually equal to 0.01.
© ' Exponential Linear Unit (ELU): G(z) = z if
x>0, e — 1 otherwize.

—ELU
=LReLU
=RelU

()

tanh (Hyperbolic Tangent) :
T _ T 7

e
tanh(x) = m J

Output between —1 and 1. Useful to focus the output around 0.

Sigmoid: o(x) = I—F;_“” f
e

Maps the input into [0, 1]. Often used for the output of linear
binary classification models.

69 / 143



Basics of Machine learning
ic methods

From molecules to prediction

The MLP la,yer Neural Networks

Graph Neural Networks
Bibliography

E
CAEN

Wiz l 8
1
Output,
wic
.
[
L]

15
. Output.

Input layer Hidden layer Output layer

,
Whe

wip Wiz ... Win
H=¢(WI+ 3) with W =

WhH1 Wh2 co. Whn

@ Mainly used in the final classification stage.

@ The number of output neurons depends on the classification task.
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3xl g1l 4 Ox0 eSu0r R 4 [l 2 1=-S
O 2[7]a] ek

fris(8]9[3]2 f <

< | |O]-t =
72513 VTl -
0/1/3]1]7]8 Toln
4]2(1]6|2]8 e RN
2[45]2[3]9 Gilkee rres

6

@ A convolution corresponds a filter with parametric size (e.g. 3 x 3,5 X 5)
whose size is lower than the image’s size,

e This filter is applied all along the image. This application is
parameterized by:

e Padding: do we allow convolution to be applied on pixels at theborders of
the image by fixing missing values to a constant (usually 0),
e stride: Defines the shift of the filter between two applications.
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simple Neural Network Deep Learning Neural Network

@ Regression Loss:

Mean Squared Error: MSE = 13" | (y; — gt;)*
Mean Absolute Error: MAE = 23" | |y; — gt;|
Hubert Loss: HL = 13" | L(y;, gt;) where:
o Lly,gt) = 5(y — gt)* if ly — gt < 6,
o L(y,gt) =6 (ly — t| — 36) otherwise.
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simple Neural Network Deep Learning Neural Network
O o y

@

@inputLayer @ HiddenLayer @ Output Layer LOSS

o Classification Loss: y; represents the ground true, p; the prediction.
Binary Cross-Entropy:

N

1
BCE = —~ [ys log(ps) + (1 — y;) log(1 — py)]
=1

Usually used for binary classification.
Categorical Cross-Entropy: CCFE = % >ty L(ys, pi) where:

C
Ly, pi) = = > i log(pi;)
j=1

for example with 3 classes: y; = [0, 1,0], p; = [0.2,0.8,0.0]
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simple Neural Network Deep Learning Neural Network

@inputlayer @ Hidden Layer @ Output Layer LOSS

@ Metric Learning Loss functions:
Contrastive Loss:

CL(J}i, J}j) = (5ijd2(l‘i, Z‘J)—i-(l—éw)) max (0, (6 — d(wz, .Tj)))2

where §;; = (y; == y;). € minimal distance between
elements of different classes.

Triplet Loss: For each = let 1 belong to the same class while =~ belongs
to a different one:

Liviptet(z, 27, 27) = Z max(0, d(z,x") — d(z,x7) +¢)
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© Graph Neural Networks
e Graph Aggregation
@ Recurrent Graph Neural Networks

@ Convolutional Graph neural networks
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The same as structural pattern recognition:

e-commerce : Find links between consumers and products (e
recommandation),

chemistry : associate each graph describing a molecule to a property
(chemical, physical, biological(drug discovery))
citation network : use citations between papers to classify them. ..
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Why is it difficult ?

@ A basic image neural network:

Convolution

»
o
v

- T

: - N

'.i*i' e f'_'}‘ E $"

¥

LO {Input) L2

Basics of Machine learning
Classic methods

From molecules to prediction
Neural Networks

Graph Neural Networks
Bibliography

Fully connected
"

s

L1
512x512 256x256  128x128 64x64 32x32 (Output)

Images of fixed sizes, fixed number of neighbors, unlabeled links, fixed

neighborhoods

e We have thus to re define the following operations:

@ Aggregation,
© Decimation,
@ Pooling
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Aggregation problem:

Recurrent graph neural networks (RecGNN): Historically, the
first type of GNN. Based on the idea of iterative
message passing between neighbors.

Convolutional Graph neural networks (ConvGNN): Generalizes
the convolution operation defined on images.
Each vertex aggregates information from its own
features and the ones of its neighbors.
Convolutional neural networks may be stacked
(main diff. with RecGNN)

Graph autoencoders (GAEs): Encode nodes/graphs into a latent vector so as

to be able to reconstruct the information (graph) from its latent
representation.

Spatial temporal graph neural networks (STGNNs): A sequence of graphs
G®) = (V,E, X(t)) with fixed topology but varying values has to
be classified (gesture recognition, brain graphs, traffic speed
forecasting,. . .)
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Node prediction: predict a value/classify at a node level
e Semi supervised learning of nodes (Input: a graph with
some labeled nodes, Output: A classification of unlabeled
nodes).

Edge prediction: predict the existence/strength of an edge based on nodes
hidden representations. (Semi supervised).

Graph level: Output related to the whole graph.

e Graph classification/regression. Usually requires a proper
reduction of the input graphs(decimation,pooling).

e Graph embedding. No class required. May be based on
auto encoders or on a regression of the edge strength.

e Graph metric: Learns a distance/similarity value between
graphs. Should be combined with a classification/regression
task.
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Graph Neural Networks

Biblingrnp']l‘yhe problem

@ Associate to each vertex v an hidden variable h, and aggregate local
information.
hq()t) = F(zy, {(2u, 25 hz(f_l))}uENv)

VU

e Using images we learn wy . .., ws:

Ws | W1 | We
Ws | Wo | Wa
W7 | W2 | Ws

w1 denotes the weigh of the pixel above the central pixel.

e Using graphs:

() Q () Q ()

Without embedding nothing distinguishes the cyan,red and green neighbors.
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o Message passing Framework (MPN): A framework to unify permutation
invariant agregation functions:

mf} - ZUJGNU Mt(hf)_la h’g_l)7ev,’w)
Bt = U, (b7, m?)

y=R({h |veG}.

where M;(),U:(), R() are learnable functions.

@ May be summed up by a function f independent of the order of its
arguments:

W = 3" flwy, mu, 25, hE)
ueEN,

@ A basic strategy common to Recurrent and convolutional graph neural
networks.
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o Initially proposed for acyclic graphs:
@ Basic idea: iterate an update of hidden values up to convergence:

hq(;t) = Z f(xvv Ty, v’y Lo’y hE,t/_l))
v’ €N (v)

e Each iteration should alternate:

e Label propagation:

e Gradient computation (using an appropriate loss function)
e functionf may be:

o An affine function [Scarselli et al., 2009],

.f(lm lv,v/a Ly, hf}t[—l)) _ A(lv,lvyvl,lvf)hf}t,—l) + b(lu,zvm,,lul)
o A MLP [Massa et al., 2006]

Par HRcommons — Travail personnel, Domaine public,
https://commons.wikimedia.org/w/index.php?curid=11996182
@ in any case f should be a contraction mapping to insure convergence. sz ; 143
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@:=0
Qt=1
Qt=2
@:=3
YR

WY = Y en f(@o @, 2, b
Oy = gw(hgalv)
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@ Rec. Graph NN are iterative algorithms:

mi = Zwej\/v M(hf;_17 hg_l)a ev,w)
ht = U RS, mb)

v

(T—1)

ho n! 2 h T
H“(Rec. Layer)i{Rec. Layer)—”> el —

e Graph convolution is one shot:

mf) = Zwe/\/’v Mt(hf)_17 hl(lf_l)v ev,w)
hf} = Ut(h,gt_l),mf})

hO (conv. Rl (conv. h? R{T—1 (conv. nT
layer 1 layer 2 T T layer T
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Spectral approach: Based on the Laplacian matrix. Transposes signal
processing results onto the graph domain.

Spatial-based approach: Close from Rec. GNN. Based on “Hand made”
learned filters.
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e Graph Laplacian:
j=1

A adjacency matrix of a graph G.

e Matrix L is real symmetric semi definite positive:
L=UAUT

U orthogonal, A real(positive) diagonal matrix.

e A classical result from signal processing:
vry = F ()

*: convolution operation, F~! inverse Fourrier transform, & fourrier
transform of z, ’.” term by term multiplication.
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o If z is a signal on G, # = UTx can be considered as its “Fourrier”
transform. We have:
Ut =UU"z =2

U is thus the inverse Fourier transform.

e By analogy:
zxr=U(2012)=UU"20U"z) =U (diag(U"2)U"z)

®: Hadamard product.
@ Let go(A) be a diagonal matrix. The filtering of x by gy is:

y=U (90(M)U"z) = (Ugs(MUT) z
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o If: go(A) = Zfigl ;A*. Then:

= (Ugs(M)UT) z = (Z adAd> UTe = (Z 9de>

e One parameter per ring:

e Lz : one step (direct) neighborhood,

o L’z : two step neighborhood (idem for L3 L*,...)
e If multiple components:

Se—1 -
y; = Z(Zade) zi | forj=1,....f

i=1

o If go = @E? (layer k from component i to j) we obtain using previous
notations:

fr—1
(k) _ (k) 7T 5 (k—1)
hj =0 E U@mU h;
=1
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Chebyshev polynomials

Graph Neural Networks

[Defferrard-et al., 2016]

e Problem: Computing L* for i € {0,..., K — 1} is problematic for large
matrices (SVD computation)

@ Let us consider Chebyshev polynomial Ty (x) = 22T—1(z) — Th—2(x),
with To = 1 and T3 (z) = «.

K-1 ) K-1 ~
go(A) =" 0N — go(A) = > 0,T5(A)
=0 =0

A=2A/ Amaz — I € [=1,1:] the domain of Chebyshev polynomials.
o Considering L = UAUT = 2L/\ 4z — I and %), = Ty,(L)z we have:
i = 2Ld5_1 — Tp—o
with #o = z and #; = Lx
e O(K|€&|) operations to get all Zy.
K

y=Y_ 0uiq

-1
d=0
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sillevievet al., 2019)

@ Chebyshef polynomials imposes to shrink the spectrum within [—1, 1].

o If several eigenvalues are close it becomes difficult to explicit the influence
of a given eigenvalue. More precisely, the number of Chebyshev
coeflicients required for approximating a filter having features in a given
scale, is inverse proportional to the scale.

e Using Cayley transform g(z) =
Cayley polynomials:

Gery(N) = co + 2Re{Zc] <T+2)j}

R /{1} we derive the

~ > 0 is the spectral zoom parameter, i2 = —1.
e Given a graph with a Laplacian L = UAU”, and an input z, we have:

Y= gern(A)x = cox + 2Re{z cj(YA =il (yA +il) Iz}
j=1
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[Kipfand-Welling, 2017]

First order approximation

e If K =2, Chebyshev def. provides:

K—
Yy = 0424 = 00Zo + 0121 = Ogx + 91i£l?
d=0

[

o If we additionnaly suppose that A4, =~ 2 then L=L-1:
y = Oox+61 (L—1I)x = Ogz+0,(I—D 2 AD™2 — g = Ogz—60; D 2 AD ?x
e with 8y = —6; = 6 we obtain:

y =0 (I+ D—%AD—%) z
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e To improve stability I + D 2AD 2 — D 2AD~2. So:

Y= OD_%AD_%I‘

with A= A + 1, Di,i = Zj Ai,j.
e Generalization to multi-components:

Z=D"tAD™

w\»—A

X0

where X € RV*C¢ @ ¢ ROXF,

e Simpler (more efficient) convolution.

e Additional hops may be obtained by iterating convolutions.

Basics of Machine learning
moh c ulm to prediction

Graph Neural Networks

[KipFiéau*ld""Wrelhng7 2017]
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e Mimics image convolution.

e Fach vertex receives a weighted sum of the values of its neighbors
(without any reference to Fourrier).

o How to define weighs,
e how to map a specific weight to a specific neighbors

using spectral convolution these tasks are defined by the Laplacian.

@ Let us note that GCN [Kipf and Welling, 2017] may be interpreted as a
transition between spectral and spatial approaches. Indeed:

y:OD_%AD_%xéyuza Z (ﬁ_%Aﬁ_%)v’uwu
ueN,U{v}
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e NN4G [Micheli, 2009]

hzlz = f(Wiz,)
W= f (Wlx,j FWo e hS,’“‘”)

e Re formulated in terms of Graph Markov models [Bacciu et al., 2018]
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e DCNN [Atwood and Towsley, 2016]: Let P = D' A be a transition
probability matrix :

e Node features propagation:
W =WrePrey=f (||§:0hj>

|| : concatenation
e An other possibility:

95 / 143
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Bibliography

PGC-DGCNN [Tran et al., 2018]: Let S such that SqSJzL =1 iff there is a
shortest path of length j between v and wu.

W= 0of ((f)(j))—1S(j)h(k—1)W(j,k))

with DY) = 37,89
Connect “easily” dlstant vertices.

PGC [Yan et al., 2018]. Let us suppose that any neighborhood N, is
partitioned into K clusters N7, ... NE—1:
K-1
hk = Z AV =D k)
j=0

with 49 = (DU))=3 A0)(DU)) =%, AG) = AW 4 [ 30 = &,
Allows to insert a priori information in the convolution process.
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e A familly of methods following the update rules:

my =30 en, Me(hi WY ey )
ht = U, (b, mt)
y = R({hl|v e G}).
e [Duvenaud et al., 2015]:
M(hy, b, €0,0) = hllev,w, U (b mb) = o (H*mt) where H;*9")

v

is a learned matrix. R = f(3_, , softmax(Wihy)).
o [Lietal., 2016] M = Aev’whgfl), U =GRU(MLS™ mt) and

R=3,cv a(i(hgT), h9)) ® (j(hg,T))) where i and j are neural networks
and ® the Hadamar product.
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o [Battaglia et al., 2016]
M = i(hy|lhw|levw), U = j(hy||zy||my), R = f(3°, hT) where || is the
concatenation, i, 7, f are neural networks, x, is an external feature of v
o [Kearnes et al., 2016] M (h(t D ply), S,twl)) =el =
(W (Waella )l la(Wa (At~ L)),
U(hq()t D,m ) = a(Wi(« (Woh(t_l))Hm )). @ ReLU function, Wy,..., W,
learned weighs matrices, e! ,, learned edge representation.

@ [Schiitt et al., 2017]:
M = tanh (WfC((Wthg—U F01)© (W ey + b2)))
wel W by, by learned matrices and biases.

U™ mb) = b 4 mb, R =¥, NN(hT).
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o [Kipf and Welling, 2017] M = ——Aw___ [J = RELU(Wm!),

deg(v)deg(w)’
o [Gilmer et al., 2017] M = 4,  h\ ™Y
e [Simonovsky and Komodakis, 2017]

|N| Z F9 vu)h(t 1)+b

F': Parametric function of 6 which associates one weigh to each edge label

Lo

e Laplacian based methods: M = Ct h =1 Where C* is a matrix based on
the Laplacian, U = o(m}).
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e [Verma et al., 2017]:

Yo = |N|Z > G (u, 0)Wou + b
m=1ueN,
qm(.,.) m" learned soft-assignment function. W,, weight matrix:

G (1, 0) o< eap(alyu + BLv + ),

with E%Zl gm(u,v) =1
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[Velickovic et al., 2018]

e Not all neighbors have a same importance for update:

exp(ei)vl)

Zv”e]\/’i 6xp(ef),v”)

o, = softmaz, (el ) =

70

r0)=y

0
T0=y

fm=0

o With : e} ,, = LeakyReLU (a” [W"'hy||W"h,])
a, W : learnable weight vector and matrix.
e Update rule:
Wl =0 ay W)
uENu
e With K features:

=10 (Y ab VIREY)
UEN,

To=ay 4
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[Zhangret al. 2018&]

e Same basic idea than [Velickovic et al., 2018] but do not use a global
attention for the edge.Uses instead the notion of (K) heads.

1 1
" = FCo, (Y (||£;lzueN Wl FCl, (1 >>)>,
(k)
(k) o ePw  (v,u)
o C Seew, e o)
P (v,u) = < FCyw (v), FCyu (1) > .

where FC'9<k) , FC'9<k) and F'Cy, full connected layers for the query, the key
and the value.
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R e
Property spectral spatial
Localized filter v v
Theoretical background on sig- | v
nal processing on graphs
Individual node weighting ring v
Can be applied to different | Not really | v/
graphs
Efficiency /modularity v
Adatative to different types of v
graphs
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e Finalize the graph classification procedure (Graph pooling):

RS (conv. Rl (conv. h2 h(T* conv. P 1
layer 1 layer 2 layer T M_)

@ Define a hierarchical decision (vertex pooling)
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o Attach a value to a surviving vertex based on its reduction window

@ Classical methods:
ht = mean/maw/sumueRW(v)hff_l)

May also be used for final decision.
e [Zhang et al., 2018b]:

o concatenate all convolution results: hi ™™ = ||f< hf,
o Identifies identical vertex feature’s vector, sort them from right (K) to left
(1).

e Cut the number of vertices to a pre defined number ¢ (or span with 0
vertices if |V] < q).

e Transform the resulting g x F' matrix into a 1D vector finish the work with
1D convolutional layers.
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e Usually defined through a matrix S! € R™*™+1 which encodes the
attachment of the vertices of G; onto the one of Gj1.

hl+1 — (Sl)Thl c Rm+1 xd
{ Al+1 — (Sl)TAlsl c R+t XNy41
e For example:
1 00
1 0 0
S=|1 01 0
0 0 1
0 0 1

e We have:
(SOT AW 50y, ZA

kz m]

i is adjacent to j in Gy4q iff: ?
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e Method proposed by [Ying et al., 2018]
o S!is learned at each layer (through a GNN):

S' = softmaz(GN N poor (AL, h'))

the softmax being applied row-wize.
o A1 defines a complete graph and S'*! has no constraints to define clear
assignments.

@ The authors proposed to add a penalization cost:

Mi+1

1
14" =S4 S (| + —— Y H(S!)
i=1

Ni41 <o

where H is a measure of entropy and S! is the i'" row of S'*1.

[|AY — SY(SYHT||F pushes toward highly connected clusters.
LS~ H(S!) pushes S! toward a binary matrix.

ni41 =
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o Learning the decimation S! is a good idea.
e S'is not sparse and thus AD is almost complete.

e Learning S' imposes to use graphs of fixed size.
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e Select a given amount (k) of vertices:

0 0

, selection of 1,3,4

wn
Il
o OO =
—
O = OO

0 0

e The formula AU+ = ()T ALS! may provide disconnected graphs.
e We may use the Kron reduction [Bianchi et al., 2022]. Connects all pairs
of surviving vertices adjacent to a same removed vertex.

R
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@ A score is assigned to each vertex of the graph.

@ The vertices with the Top-k highest score are selected.
Projection:
<p,ht >
score(v) = ————
Il
GNNPool:
score = GN N pool (Al, hl)

Combinaison GNNpool + relevance structurelle
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e DiffPool learns the attachment of non surviving vertices to surviving ones.

o Dense matrices,
e Graph of fixed size (the max one).

e Top-k learns the selection of surviving vertices but discard non survivning
ones
e May create disconnected graphs,
e May ignore large parts of the graph,
e removes a large part of the information related to the vertices.
o Why not defining a Top-k with a learned attachment of non surviving
vertices 7
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_.|[ Sco —
Function

| P
(+1) = T (1) Graph
G‘é}gh Score s Matrix S /i(('*‘) - SST A)((') s GtV
]
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e Stack of graphs (Gg, G, ..., G,) successively reduced.

e (i : encodes the initial grid or an initial segmentation.

G3 .

G2 . .

Gl

=
... N
e

e Final results: sequence of reduced graphs Gy, ..., G,
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E
CAEN

@ v € V; comes from the merge of a connected set of vertice in G;_.
RW,;(v) ={v1,...,vn} C Vi1

e v; € RW;(v) is a son of v,
e v is the father of all v; € RW;(v).

N
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ENSI
L

e Receptive field: transitive closure of the father/child relationship.

RF(v)= | RWi.()CW
v’ €RW;(v)

o w € RF;(v) is a descendant of v,
e v is an ancestor of w.

/.
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@ sequential methods:

e sort the edges of the graphs
e Union-find

e parallel method:

Define parallel merge operations
each step builds a new graph G;41 from G;.
|Git1] is a fixed ratio of |G;].

|Git1] = ¢q|G;| with ¢ < 1: reduction factor

° A the parallelism is a constraint for segmentation algorithms
o R . “forces” a fixed amount of fusions at each step
|Git1] = q|Gil
o U bounds the number of graphs we have to build/store

P = (Go...,Gn) with n = log-(|Gol)
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@ A set of independant processes merge vertices in parallel

e Problem : How to insure that: VV_"1 <3

e computational time
e storage memory.
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Let us consider a set of abstract elements X and a symmetric neighborhood
relationships A on X.

e Y C X is an independent set of X iff it statisfies the Internal stability
constraint:

Vy,y) eY? y g N(y)
Two neighbors cannot both survive

e Y is a maximal independant set iff adding any other element to it breaks
independance. It satisfies in this case the External stability constraint:

Vee XY, JyeY:zeN(y)

Each element in X — Y has a neighbor in Y.
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Maximal Inde?)é‘nden‘v Set(MIVS)

e Introduced by [Meer, 1989].
e Vi1 : maximal independent set of V;.
External stability:
Vo eV, —Vipg W €V : (v,0) € E;

Each non surviving vertex is adjacent to at least a
surviving one
Internal stability:

V(v,0') € Vz+1( v') ¢ E;

Two adjacent vertice cannot both survive
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O—-0-06—63-0

@ Three variables :
p; = true if v; survives

g; = true if v; may become a surviving vertex (he is candidate).
z; value of the vertex (function or random variable)
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@ Three variables :

p; = true if v; survives
q; = true if v; may become a surviving vertex (he is candidate).

Z; value of the vertex (function or random variable)
1
o= = MaT ey (v) 175}

ll —
qz() = /\jeV(vi)pj(l)
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O—1—-@—3-0

@ Three variables :
p; = true if v; survives
g; = true if v; may become a surviving vertex (he is candidate).

Z; value of the vertex (function or random variable)
pV = @ = mazjevi,){T;)
qz(l) = /\jeV(vi)Z)_j(l)
pY = P (g A 3= mazjevion {675}
AR /\jeV(vi)p_j(kJrl)
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e link each non surviving vertex to one of its surviving neighbour =
definition of the edges

@ merge non surviving vertice to surviving ones along the selected
edges(merge in simple graphs).
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e link each non surviving vertex to one of its surviving neighbour =
definition of the edges

@ merge non surviving vertice to surviving ones along the selected
edges(merge in simple graphs).
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e link each non surviving vertex to one of its surviving neighbour =
definition of the edges

@ merge non surviving vertice to surviving ones along the selected
edges(merge in simple graphs).
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O—-0-0—6-0
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CRCCRESO)

e perform one iteration of the kernel computation,
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CRUSGRERO)

e perform one iteration of the kernel computation,

e attach each non surviving vertex to a surviving one
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© © ©)

e perform one iteration of the kernel computation,
e attach each non surviving vertex to a surviving one

@ merge vertices
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©) (© ©
perform one iteration of the kernel computation,
attach each non surviving vertex to a surviving one

continue on the reduced graph

°
°
@ merge vertices
°
e Method introduced by [Jolion, 2001].
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e only one step of the kernel computation is performed

e “Corresponds” to a model of the behavior of our brain,
o allows to avoid (in some cases) wrong merge operations.
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Define:
@ p;,q; (Meer’s algorithm, 2 steps),
@ Reduction windows (legitimate father: max of r.v),
e Reduced graph.
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e Apply D3 twice
o Legitimate father: max of r.v,
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@ Method introduced by Haximusa & Kropatsch [Kropatsch et al., 2005]

e within the kernel construction scheme the probability that a vertex
survives decreases with its degree.

e The mean degree of vertices increases within the pyramid.
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@ Method introduced by Haximusa & Kropatsch [Kropatsch et al., 2005]

e within the kernel construction scheme the probability that a vertex
survives decreases with its degree.

e The mean degree of vertices increases within the pyramid.

Vi

o = The ratio v

the level

e Increases the computational time, even on parallel processors.
e Useless graph storage.

computed by the kernel method decreases according to
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@ Define a maximal matching C'(kernel of G’ = (E, E’))

o (e,¢') € E'iff e and €’ are incident to a same vertex.

o A set C' C F is said to be a matching of
G = (V, E) if none of the edges of C are adjacent
to a same vertex.

o A matching is said to be maximal if the addition
of any edge breaks the matching property.

o A matching is said to be maximum if no larger
matching may be found.
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e Complete the matching C to C*
e Remove edges from C™ in order to obtain trees of depth 1.

e Merge vertice adjacent along selected edges.

SERITHEL
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e How to design trees of depth 1 in one step 7
e How to take into account orientation of edges 7

oo o—0

e Solution: Orient edges. —
e Combine MIS method with an appropriate edge’s neighborhood
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o Let G = (V, E).

129 / 143



Basics of Machine learning
Classic methods

. . From.melecyles tq prediction
Maximal Independent directed Edge Set§agMEI%ES .
Bibliography

o Let G = (V,E).

N(e) = N((u,v)) = {(u,v) € E}U
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o Let G = (V,E).

N(e) =N((w,v)) = {(u') e EW

(u',u) € E}U

N

———
5
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o Let G = (V,E).
N(e) =N((u,v)) = {(u,v) € E}U

{(v/,u) € E}U
{(v,v') € E}

v\

o If e is selected none of the edges of N(e) may be selected.

== e—e—0 00
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@ Apply a MIS on the edge graph G = (E, E’) with E’ defined from N (F),
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@ Apply a MIS on the edge graph G = (F, E’) with E’ defined from N (F),

@ For each selected edge (u,v), mark v as survivor, u as non survivor,
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Bibliography Algorithm

@ Apply a MIS on the edge graph G = (F, E’) with E’ defined from N (F),
@ For each selected edge (u,v), mark v as survivor, u as non survivor,

@ Mark remaining vertices as survivors.

feifpisipist
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e Method introduced by Pruvot & Brun
e The maximal matching is defined as a MIS on the graph G = (E, E").

@ Value each edge as a merging cost,

@ Perform only one iteration of the maximal matching algorithm

@ One edge is selected if it is locally minimal (the two regions like each other
more than any of their neighbour).
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Explainability
/ \
Global Local
/ N\
Generation Black Box White Box
XGNN Perturbatiofsradient /Feature

GNNExplainer, GraphM&skM,Grad-CAM
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MLP

N

N N
ZWk,cek = ZchZFkLn = ZZWk,CFﬁn = Z < W, FL>
k k n=1

n=1 k n=1

Hence < W, FX > encodes the relevance of vertex n for the class c. We can
thus design a score defined as:

scoreb(n) =< FL W > or score®(n) =< FL,We —w¢ >
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The feature of each vertex is computed from its neighborhood:

<FEwe-we>= Y ok <FFLwe-we >
vEN(n)

The relevance of a vertex v may be defined as the weighted sum of the vertices
to which it contributes:

score® g —score (n) with Z=E Cnyv
n

We may(should) also discard all vertices for which < FF=1 We — W >< e,
This idea is fearther developped using Excitation-BackPropagation (see
bellow).
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The above method does not work if we have several MLP or more complex
processing of the final vector. A generalization of CAM consists to consider:

N
obe L 3 o
kN £ 0F¢,
n=1 ’

with ap® = w§ if we have a single MLP. Then:

Lé‘rad—CAM (l7 Tl) = Relu(z aZCFIQ,n (X’ A))
k

We may also average (or apply any pooling function) across the layers to get a
global relevance of a vertex:

C 1 C
LGmd—CAMAvg(”) = i3 E LGraa—cam(l;n)
l
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Still based on CNN on Images.
Let us consider the contributions of neurons at layer [ — 1 (aé._l) to neurons %

at level [ (al) as a probability function. The contribution of each aé»_l may be
computed as:

P(aj!) = ZP(aé_llaﬁ)P(ai)

Given P(a§_1|aé) the idea of excitation-Backpropagation methods is to set
P(y°) =1 for the class c of interest at the final layer and to compute
recursively the relevance of each neuron up to the initial layer.
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We C0n51der a GCN composed of several convolutions, a GAP and one
MLP /softmax. We have:

plex) = Y. texRelu(wf)p(c) withZ =Y, epRelu(wf) MLP/softmax

L Fiin
p(Fin) = wipler) GAP

p(c) =1 for the class of interest 0 otherwise.
Let us decompose the convolution in 2 steps:

Fé,nl = > A";mFlim averaging

Where A is the convolution operator. We have:

p(Flf:,n) = Zk’ ZLkFli,nRelu(Wlé,k’)p(Flitrlz) with Zk = Zk Fé,nRelu(Wli,;

The final relevance of each vertex is defined as the average relevance of its

dimensions:
din

baln) = > p(FL,).

m k=1
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We got an explanation for a decision of the GNN. Is it accurate, necessary,
sufficient, sparse 7

1 Fidelity™: Do we have all necessary elements in the explanation ?
Fidelity™ = f(G). — f(G'™™).

where all the elements of G belonging to the explanation have
been removed from G~ .

J Flidelity—: Does the selected elements are sufficient 7
Fidelity™ = f(G). — F(G™),

where G™< represent the explanation of G for the class c.

Large explanations (G™¢) induce low Fidelity~ but also small (G!~™¢) and
hence large Fidelity™.
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1 Characterization score: We want to have an explanation which is both

necessary and sufficient— A basic harmonic mean between
Fidelityt and 1 — fidelity~

2Fidelity™* (1 — Fidelity™)
Fidelityt + 1 — Fidelity~

The explanation corresponding to the complete graph has a
characterization score of 1.

Caracterizationgcore =

1 Sparsity:
G™e
sparsity =1 — | el |
1 Explanation Accuracy:
Expace = |T| Z |y (Gmc)|
GeT
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All previous methods associate a weight to each node/edge of a graph based
on its relevance according to a class c. It does not identifies the subgraphs
responsible for a given property.

@ Most method applies a hard threshold on the weights — inefficient.

e EigSearch [Lu et al., 2024] sorts the edges according to their relevance
and selects the subset which maximises Fidelity™ — Fidelity ™.
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trno
1 2
Model's . Corect  YES  DotGreedX  _,
classification classification? scoring
Original graph Initial explanation
subgraph

4 3

«— max(HSC-score) «— ./L‘ ﬂ‘ ) « DotGreedX optimal
size search

Final explanation List of candidate explanation subgraphs
subgraph decreasing size

2 DotGreedX scoring 3 DotGreedX optimal size search

Important # Fidelity™ Save best
nodes — nd evaluation nd subgraph

21 Graph 1

Initial explanation 3 32

Send initial subgraph 1 I

min(Fidelity) —» explanation
Delete least Send
AU e e MO exlamton
nodesand _, :}‘: o “T searching? ~~  subgraphs
neighbors e candidates
22 Graph 2

DotGreedX select all nodes with a positive weigh and their neighbors. Then,
it iteratively removes the nodes whose removal induce the lower fidelity~.

2 - Characterization - Sparsit
HSCSCOTE _ score p y

Characterizationgeore + Sparsity
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